Abstract Some applications require structural health monitoring in inaccessible components. This paper presents a technique useful for Structural Health Monitoring of double wall structures, such as double wall steam pipes and double wall pressure vessels separated from an ultrasonic transducer by three layers. Detection has been demonstrated at distances in excess of one meter for a fixed transducer. The case presented here is for one of the layers, the middle layer, being a fluid. For certain transducer configurations the wave propagating in the fluid is a wave with low velocity and attenuation. The paper presents a model based on wave theory and finite element simulation; the experimental set-up and observations, and comparison between theory and experiment. The results provide a description of the technique, understanding of the phenomenon and its possible applications in Structural Health Monitoring.
Introduction
A surface wave on a liquid/solid interface is well-known to radiate acoustic energy into the liquid and is therefore rapidly attenuated. In this work, we have been able to show by experiments and calculations that the proximity of another surface (layer 1 to layer 3 and layer 3 to layer 1) sustains the surface wave through long distances for layers of both plates and concentric tubes. In addition, even when the surface wave is reflected from a distant reflector, the returning wave is sustained in the multi-layer system and can be easily detected. Finally, the intensity of the wave reflected off the end of the lower plate was determined as a function of several angles of misalignment.
Modeling
The propagation of sound waves in multilayered plate structures has received considerable attention in the literature [1, 2] . In seismology, many natural forms of multilayered waveguides have been studied: an ice sheet floating in an ocean, a sea layer supported by a thin bottom layer of solid, the layered form of the Earth's crust itself etc. Another class of applications can be found in the field of structural health monitoring. Important research areas include ultrasonic inspection and measurement of elastic and geometrical properties of thin surface layers, diffusion or adhesively bonded structures and composites. Since multilayered waveguides involve complicated wave mechanics, the traditional experimental-based development of such inspection techniques may become a costly and lengthy process. This evokes a need for sophisticated modeling methods which can provide accurate predictions and, consequently, reduce the number of necessary physical prototypes.
In this work, we compare two different approaches based on the finite element method (FEM) and the matrix methods using an example of a three-layered waveguide with a middle liquid layer. This paper is a review and an extension of the previous works by the authors [3] .
The rapid progress in the performance of personal computers has been a major factor supporting the application of computationally intensive numerical techniques. FEM has been established as one of the standard methods of computer-aided engineering for a large variety of physical systems. Its advantages include a great versatility concerning the model geometry and material composition, the availability of efficient numerical solvers, and the capability of handling coupled-field problems within a single model [4] . FEM solves the governing partial differential equations with the appropriate boundary conditions numerically. Therefore, it enables an accurate computation of complex dynamic behavior, including wave propagation in isotropic and anisotropic solids, and fluids [5, 6] . If piezoelectric structures such as ultrasonic transducers are considered for simulation, the electric field and its interaction with the mechanical field must also be taken into account. The first application of FEM to modeling of the piezoelectric effect dates back to 1970s [7] . Nowadays, advanced 2D and 3D finite element techniques for simulating piezoelectric transducers are available [8, 9] . Consequently, FEM can be used for modeling multilayered waveguides with solid and liquid layers including the transducers applied in a real-world setup.
On the other hand, the so-called matrix methods are based on an analytical solution of the governing partial differential equations. The derivation takes advantage of the special geometry of the problem (infinite parallel layers supporting strain in the modeling plane only). One arrives at a matrix description of the multilayered waveguide in terms of stresses and displacements along its external boundaries. This description can be used to obtain the modal characteristics of the waveguide (dispersion curves) and its response to a given incident plane wave (reflection and transmission coefficient). If the incident wave is finite in space and time (e.g. a pulse generated by an ultrasonic transducer), a spatial and temporal Fourier decomposition of the acoustic field has to be performed, and the response of the waveguide has to be calculated for each infinite plane wave component separately. Since both the modal and the response solutions employ numerical procedures, the matrix methods represent semi-analytical techniques which may involve extensive computational complexity. However, contrary to FEM, they can also provide valuable analytical insights into the wave mechanics of multilayered waveguides. Currently, two different matrix methods are widely in use [10] . The transfer matrix method [11, 12] is based on propagation of boundary conditions from one layer interface to the next one by means of multiplying layer transfer matrices. On the other hand, the global matrix method [13] combines all equations into a single global matrix.
In this paper, we focus on the application of FEM to the complete waveguide system including wedge transducers used in the experimental setup. The FEM results are compared to modal solutions obtained by means of the matrix methods.
The theoretical background of the matrix methods is given in Appendix I.
Setup of the Three-Layered Waveguide
Guided waves along a liquid-solid interface, the so-called leaky waves, are well-known to radiate acoustic energy into the liquid. Therefore, they are attenuated rapidly. However, it was demonstrated in [14, 15] that the proximity of another parallel solid surface may sustain the waves over distances of several meters, or a thousand wavelengths, at frequencies ranging from 1.25 MHz to 5 MHz. In addition, it was shown that the reflected wave packet can be easily detected using a pulse-echo arrangement for systems with parallel plates or concentric tubes. This opens a range of practical applications including non-destructive testing of a double-wall heat exchanger (see Fig. 1 ) and position measurement of the top of a lead screw separated with pressurized liquid from a pipe wall.
The waveguide setup used in this paper (see Fig. 2 ) has been inspired by the work published in [14, 15] . It consists of two aluminum plates separated by a water layer. The distance between the plates is controlled by means of a frame built of balsa wood strips. This frame also seals the water-filled space between the plates. The length of the waveguide is such that the reflections from its edges do not have to be considered in the time horizon of interest.
The waveguide is operated in throughtransmission mode. The separation between the transmitter and the receiver is 110 mm. In the first and the second case, where h1 = h3, the curves are obviously "attracted" by the (1) with the S0-mode curve (see Fig. 3 ). Thus, the simulation is, once again, in agreement with the theory. One should note that if a sufficient amount of data for various wedge angles α (each corresponding to one activation line, one value of vph) were available, the information about maximum amplitudes could be utilized in order to reconstruct the dispersion diagram for phase velocity vph.
In the second step, we perform validation for the complete three-layered waveguide using experimental results. The measured and the simulated electrical signals are processed in the same manner, allowing for a direct comparison. The comparison is shown in Fig. 9 for the three-layered waveguide setup with h1 = h3 = 1.25 mm, h2 = 1.6 mm and α = 53.2
• . As mentioned above, the discretization rate is given as number of elements per wavelength of the respective bulk wave at a certain characteristic frequency. For simulation of the three-layered waveguide, a frequency of 2.5 MHz is considered. We can see that a discretization rate of 3 elements per wavelength is insufficient for accurate simulation. The signal envelope is heavily distorted due to the discretization error.
At a discretization rate of 6 elements per wavelength, the signal envelope gets significantly closer to the converged result. However, a slight shift along the time axis is still visible.
Finally, the simulated signals at 9 and 12 elements per wavelength overlap, indicating that a further increase does not lead to an observable improvement of the accuracy.
Therefore, the general discretization rate of 12 elements per wavelength used in this work is considered appropriate for the modeled system. Nevertheless, they may have other disadvantages (for example, the direct explicit solver offers only conditional stability). The computational time is determined mainly by the performance of the CPU and memory subsystem.
Sample Dispersion Diagrams
After validating the FEM model, we can use it to study the influence of the geometrical configuration on the dispersion behavior of the waveguide including the wedge transducers. model parameters can be varied easily, and a large number of physical configurations can be analyzed rapidly.
Displacement Profiles
In the previous section, the FEM model has been used to compute the response of the three-layered waveguide in terms of the received electrical signal. However, the FEM simulation provides a solution of the wave field in the entire system. In this section, we utilize these data in order to depict the displacement field across the waveguide. For the analysis of displacement profiles, we consider a location half way between the transmitter and the receiver (y = 0). We define displacement profile as a dependency of the displacements uy, uz in all three layers on the z-coordinate (see Fig. 2 ).
For this purpose, the origin of the z-axis (z = 0) is assumed to be at the top of the layer L3.
In the solid layers L1 and L3, the vector displacement field u = (uy, uz) can be obtained directly as a result of the FEM simulation. The wave field in liquids is typically represented by a scalar field quantity, such as the acoustic pressure p or the acoustic velocity potential Ψ.
The FEM system CAPA relies on the latter formulation [22] . The potential Ψ is defined by
where V is the acoustic particle velocity. Therefore, the displacement field in the liquid layer L2 can be expressed in terms of Ψ as Furthermore, we can observe that the amplitudes in the top layer L3 are higher than in the bottom layer L1 irrespective of its thickness.
This confirms the supposition that the layer L3 determines which of the existing modes is activated by the transducer. In other words, if an asymmetric waveguide is used, the receiver signal depends on which side of the waveguide the transducers are applied to.
Experimental Methodology and Observations

System Arrangement
The setup for the plate-on-plate experiments was as follows: a flat plate was placed on an air-cushioned table (to reduce vibrations from the room). Two parallel strips of balsa wood were then placed on the plate to provide controlled spacing between the top and the bottom plates (see Fig. 13 ). The space between the wood strips was filled with filtered water.
The upper plate was placed on the strips of wood. Finally, a transducer on an angled wedge was placed on top of the upper plate with coupling gel. The transducer was connected to the driver (in pulse-echo mode) and the signal from the transducer was recorded on a digital oscilloscope.
Optimal Angle Experiments
A commercial 1. of the experiments unless otherwise specified.
Transducer Orientation
To verify that signals were transmitted through to the lower plate, the orientation of the transducer and the lower plate with reference to the top were adjusted. For example, when the distance of the bottom plate is increased with reference to the transducer on the top plate (which is moved slightly closer to the edge of the top plate), it can be seen that the time location of each signal moves appropriately ( Fig.   15 and Fig. 16 ).
Theory
The general theory of surface and plate waves is given in [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . However, the waves created with this plate-on-plate setup are a little more complex. When the angle beam transducer is set at 70 degrees angle from normal, Lamb waves are generated in the plate. Given the frequencies (2.25 MHz and 5 MHz) and angle (70 degrees) it can be shown via a dispersion diagram (Fig. 17) that the Lamb wave modes The upper plate now contains plate waves that act like SAWs on both surfaces (see Fig.   18 ). The SAW on the lower surface of the upper plate radiates energy (L waves) into the water to create surface waves in steel [3] . This radiation then hits the upper surface of the lower plate and creates a SAW on that surface.
Since the lower plate is thicker, the waves on the lower plate will tend to stay on its upper surface. As long as there is water between the plates, the wave on the lower surface of the upper plate will radiate energy into the upper surface of the lower plate. Also, the SAW on the upper surface of the lower plate will radiate energy up to the upper plate. In this way, the waves interact and create a bulk "plate-watersurface" wave. Fig. 19 is a diagram of this radiation pattern.
Velocity Measurements
To determine the velocity of the plateon-plate wave, the reflection from the edge of 
Water Dependence
An interesting extension of this experiment is to determine the dependence of the plate-on-plate signal on the amount of water between the plates. If the plates are separated by air instead of water then the wave in the upper plate cannot leak into the lower plate, and there is thus no reflection from the end of the lower plate. However, the entire system does not need to be covered in water for the wave to reach the lower plate. For that reason, an experiment was conducted in which the water was restricted to a certain distance from the transducer. For this experiment the plates were placed as usual except that an extra piece of wood was placed sideways and used as a dam to limit the amount of water.
The relationship between intensity of the signal from the end of the lower plate and amount of water between the plates is as follows: as long as the wave on the lower surface of the upper plate touches water, it leaks waves into the water and thus onto the lower plate. Therefore, the reflection from the end of the lower plate should increase as the amount of water increases. However, the wave on the surface of the lower plate also leaks up to the upper plate so that the signal from the lower plate should decrease as the amount of water increases. Finally, with more water, the waves on the lower surface of the upper plate and on the upper surface of the lower plate both leak towards each other equally so that the amount of water does not affect the intensity much. In this manner the two waves reinforce each other along the propagation length. The intensity was thus measured for several angles. Finally, the signal was recorded at a very high angle to determine the amplitude of the noise. A graph of the normalized intensity (intensity minus noise divided by maximum intensity minus noise) versus angle is given in Fig. 22 .
Longitudinal Angle
For this experiment, an upper plate 3.1 mm thick and a lower plate of 6.6 mm thick were used. The system was excited at 2.30 MHz. The intensity from the reflection from the end of the lower plate was measured when the system was symmetric. An extra strip of wood was then added to the bottom of the plate and the intensity was once again examined. In this case, the intensity displayed a Gaussian-like curve as expected (see Fig. 23 ). 
using the Helmholtz decomposition, the solution of (2) can be written as a superposition of longitudinal and transversal wave field:
where the scalar potential φ and the vector potential ψ define the longitudinal and the transversal portion of the wave field, respectively. Assuming a plane wave propagation, the potentials φ and ψ take the form
where k = (kx, ky, kz) is the wave vector, r = (x, y, z) is the position vector, ω = 2πf is the angular frequency, and AL, AT denote complex-valued amplitudes of the longitudinal and the transversal plane wave, respectively. For a waveguide whose width (in the x-direction) is much greater than the acoustic wavelength, the solution can be further simplified by reducing it to a 2D space. In this case (the so-called plane strain), the particles are assumed to move in the modeling plane only (ux = 0), and the strains εxx, εxy and εxz vanish
The matrix methods rely on the fact that a wave propagating in a multilayered waveguide can be described by superposition of elementary plane waves in each layer. It is sufficient to consider four plane waves per layer: a longitudinal and a transversal wave traveling from "down" to "up" across the waveguide (in the positive z-direction), and a longitudinal and a transversal wave traveling in the opposite direction. The amplitudes of these bulk waves are AL+, AT+, AL and AT , respectively. Interaction of the elementary waves along the interfaces between adjacent layers is described by means of Snell's law. It states that the ky-component of the wave vector remains the same for all waves on both sides of the interface. Therefore, ky is invariant over the entire system, and it defines the phase velocity vph of the wave propagating in the waveguide: vph = ω/ky.
By summing the contributions of the four elementary waves according to (5) , the displacement field in each layer of the waveguide can be expressed in terms of the amplitudes AL+, AT+, AL and AT . Furthermore, the stress field [σ ] can be obtained using the strain-stress relations. For a multilayered structure, we consider those field quantities which are continuous along interfaces between adjacent layers. Along a solid-solid interface, these are the displacements uy, uz and the stresses σzz, σyz. 
The Transfer Matrix Method
The transfer matrix method [10] [11] [12] makes use of (8) repeatedly (layer by layer) in order to eliminate the field quantities along the inner layer interfaces. In this manner, a relationship between the field quantities along the external boundaries of the waveguide is obtained.
Using ( 
where [L] Li is the transfer matrix for the field quantities along the boundaries of the layer Li. The elements of [L]Li are given in an analytical form in [10] . Since the selected field quantities are continuous along the interfaces of solid layers, we can proceed with the layer L2:
We have obtained a relationship between the field quantities at the bottoms of two adjacent layers. By repeating this process for an arbitrary number of layers n, we finally arrive at
where the system matrix [S] is given by
In order to obtain modal solutions, we assume a multilayered structure surrounded by vacuum. Consequently, the stresses σzz, σyz along the external boundaries (L1, bottom and Ln, top) vanish, and (13) 
Multilayered Waveguide with Liquid Layers
Along a liquid-solid or a liquid-liquid interface, continuity of the normal displacement uz and the normal stress σzz holds. However, the tangential displacement uy is not necessarily continuous, and the shear stress σyz vanishes.
Therefore, if a multilayered waveguide contains one or more liquid layers, the coupling relation (12) used above is not valid, and a modified matrix formulation is required [18] .
Here we demonstrate the derivation for the three-layered waveguide from Fig. 2 .
For the solid bottom layer L1, we start with the relation (10). As explained above, the knowledge of the tangential displacement uy at the top of the layer L1 is insignificant since this quantity is not transferred to the liquid layer L2. Therefore, the equation for {uy}L1,top can be removed from (10) . Furthermore, the liquid layer 
and (18) 
The resulting modified transfer matrix (let's call it [L]mod,L1)is constructed using the elements of the original 4×4 transfer matrix [L]L1. It describes the transfer of significant field quantities across a solid layer surrounded by liquid layers (or vacuum). If there is a subsystem of several adjacent solid layers surrounded by liquid layers, the same reasoning can be applied to the subsystem transfer matrix
[L]L(i+nsol 1) [L]L(i+1) [L] Li, where nsol is the number of layers in the solid subsystem.
For the liquid layer L2, it is necessary to reconsider the basic relation (8) . Assuming that liquids do not support transversal (shear) waves, we impose AT+ = 0 and AT = 0. Moreover, the equations for the insignificant field quantities uy and σyz are removed. The relation (8) 
The derivation for the top solid layer L3 is analogous to the layer L1. 
